LOCAL WELL-POSEDNESS FOR DISPERSION GENERALIZED 
BENJAMIN-ONO EQUATIONS IN SOBOLEV SPACES 



ZIHUA GUO 

Abstract. We prove that the Cauchy problem for the dispersion generahzed 
Benjamin-Ono equation 

dtu + Idxl^^^dxU + uux = 0, u{x, 0) = Uo{x), 

is locally well-posed in the Sobolev spaces for s>l — aifO<a<l. The 
new ingredient is that we develop the methods of lonescu, Kcnig and Tataru |13j 
to approach the problem in a less perturbative way, in spite of the ill-posedness 
results of Molinet, Saut and Tzvetkovin ^21]. Moreover, as a bi-product we prove 
that if < a < 1 the corresponding modified equation (with the nonlinearity 
±uuux) is locally well-posed in H'' for s > 1/2 — a/A. 



1. Introduction 

In this paper, we consider the Cauchy problem for the dispersion generahzed 
Benjamin-Ono equation 

dtU + + uu, = 0, (x,t) G M^^ ,^ 

where < a < 1, u : M^— >M is a real- valued function and \dx\ is the Fourier multiplier 
operator with symbol |^|. These equations arise as mathematical models for the 
weakly nonlinear propagation of long waves in shallow channels. Note that the case 
a = corresponds to the Benjamin-Ono equation and the case a = 1 corresponds to 
the Korteweg-de Vries equation. During the past decades, both of the two equations 
were extensively studied in a large number of literatures [231 [El [21 [HI [IS [3] . For 
example, see [25] for a thorough review. 

In proving the well-posedness of the Cauchy problem (11. ip by direct contraction 
principle, the biggest enemy is the loss of derivative from the nonlinearity. It was 
proved by Molinet, Saut and Tzvetkov [21] that if < a < 1 then if* assumption 
alone on the initial data is insufficient for a proof of local well-posedness of (II. ip 
via Picard iteration by showing the solution mapping fails to be smooth from 
H'^ to C([0, T]; if*) at the origin for any s. It is due to that the dispersive effect 
of the dispersive group of Eq. (11.11) when < a < 1 is too weak to spread the 
derivative in the nonlinearity and hence the high x low interactions break down 
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the smoothness. When a = a stronger ill-posedness was proved by Koch 
and Tzvetkov [22] that the solution mapping actually fails to be locally uniformly 
continuous in for any s. For the positive side, some weaker well-posedness 
results (only require the solution mapping to be continuous) were obtained. For the 
Benjamin-Ono equation (a = 0), Tao |23j obtained the global wellposedness in 
for s > 1 by performing a gauge transformation as for the derivative Schrodinger 
equation. This result was improved to s > by lonescu and Kenig [T2]. For the 
KdV equation (a = 1), the first well-posedness by contraction principle was due to 
Kenig, Ponce and Vega [15] who obtained LWP in if* for s > 3/4. Bourgain [2] 
extended this result to GWP in by developing X^''' space. Then Kenig, Ponce and 
Vega [13] obtained local well-posedness in H"^ for s > —3/4 and CoUiander, Keel, 
Staffilani, Takaoka and Tao [3] extended it to a global result where I — method was 
introduced. Local well-posedness in H~^^'^ was obtained by Christ, Colliander, and 
Tao [4J using miura transform and the H^^'^ local well-posedness for the modified 
KdV equation. Recently, the author [7] obtained global well-posedness in H~^/^ by 
using directly the contraction principle to prove local well-posedness. 

This paper is mainly concerned with Eq. (11. ip for 0<a<l. IfO<a<l, 
Kenig, Ponce and Vega pB] have shown that (11.11) is locally well-posed for data in 
H'^ provided s > |(2 — a) using the energy method enhanced with the smoothing 
effect. In [5] Colliander, Kenig and Staffilani obtained LWP for the data lying in 
some weighted Sobolev spaces by applying Picard iteration. S. Herr [IDIIII] obtained 
LWP in if* n if2 i+" for s > —^a and global well-posedness for s > by requiring 
the initial data has additional properties in low frequency to make the contraction 
principle work. Compared to the Benjamin-Ono equation, the dispersive group of 
(11.11) has stronger dispersive effect but it seems difficult to apply a gauge transform 
to (II. ip which can weaken the high- low interactiocQ- Moreover, when < a < 1, 
Eq. (II. ip is not completely integrable, but there are still at least the following three 
conservation laws: if m is a smooth solution to (ll.ip then 



These conservation laws provide a-priori bounds on the solution. For example, we 
can easily get from (I1.3P and (ll.4p that for any smooth solution u of (II. ip on [— T, T] 
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then we have 

< C{\\uo\\^i4^), Vt G [-T,T]. (1.5) 

We will also need another symmetry. It is easy to see that Eq. fll.ip is invariant 
under the following scaling transform for any A > 

u{x, t)^ ux{x, t) = X^+^'uiXx, A^+^t), uo,A = Ai+"uo(Aa;). (1.6) 
Then we see is the critical space in the sense of the scaling (ll.6p 

||mo,a||^_i-. = ||mo||^_i_„. 

Now we state our main results: 

Theorem 1.1. (a) Let < a < 1. Assume s > 1 — a and Uq G . Then 
there exists T = T{\\uo\\h^) > such that there is a unique solution u = S^{uq) G 
C{[—T,T] : H°°) of the Cauchy problem (11. ip . In addition, for any a > s 

sup \\S^{uom\\H^ <C{T,a,\\uo\\H^). (1.7) 

\t\<T 

(b) Moreover, the mapping : H°° C([— T, T] : H°°) extends uniquely to a 
continuous mapping 

S^: H' ^ Ci[-T,T] : H'). 

If 1/3 < a < 1, then 1 — a < Thus from the a-priori bound ( 11. 5p . and 

iterating Theorem II. 1^ we obtain the following corollary. 

Corollary 1.2. The Cauchy problem (11. ID is globally wellposed in for s > 
if 1/3 <a<l. 

It is easy to see l — a< |(2 — a) for < a < 1, thus our results improve the results 
in [lEj . We discuss now some of the ingredients in the proof of Theorem 11.11 We 
will adapt the ideas of lonescu, Kenig and Tataru [13j to approach the problem in a 
less perturbative way. It can be viewed as a combination of the energy methods and 
the perturbative methods. More precisely, we will define F^{T), N^{T) and energy 
space E^(T) and show that if u is a smooth solution of (ll.ip on M x [— T, T] then 

lhl|F»(r)<||M||ii;-(T) + \\dx{u^)\\N^{T)] 

\\dx{u'^)\W{T)<\Mls(T)i (1.8) 
ll^ll£;''(T)~ll*^ll-ff= + ll^llF*i(T)- 

The inequalities (11. 8p and a continuity argument still suffice to control 
provided that ^ 1 (which can by arranged by rescaling if s > 0). The first 

inequality in (II. 8p is the analogue of the linear estimate. The second inequality 
in (ll.8p is the analogue of the bilinear estimate. The last inequality in (11.80 is an 
energy- type estimate. To prove Theorem 11.11 (b), we need to study the difference 
equation of Eq. (II. ip . This difference equation has less symmetries, but some special 
symmetries for real- valued solutions in L^. We then follow the methods in [13] to 
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prove the continuity of the solution mapping in H'^ by adapting the Bona-Smith 
method pQ. 

We will develop the ideas in [13] to define the main normed and semi-normed 
spaces. As was explained before, standard using of X^'* spaces in fixed-point ar- 
gument does not work for (11. ip . But we use X'^'^-type structures only on small, 
frequency dependant time intervals. The high-low interaction can be controlled for 
short time. The length of the time interval will be important. Generally, one need 
to control the interaction in as large time interval as possible and leave the rest to be 
controlled in the energy estimates. We will choose the length which will just suffice 
to control the high-low interaction. Since we only control the interaction in short 
time then we need to define sufficiently large to be able to still prove the 

linear estimate in (II. 8p . Finally, we use frequence-localized energy estimates and 
the symmetries of the equation (II. ip to prove the energy estimates. 

As a bi-product, we use our estimates for the multiplier to study the following 
modified equation 



When a = and a = 1, it corresponds to the modified Benjamin-Ono equation and 
modified Korteweg-de Vries equation. Both equations were also extensively studied 
fl9[ [20t \T7\ [6] . The high- low interactions in the trilinear estimates are much weaker 
than that in the bilinear estimates. Indeed, it is known that for a = 1 the high-low 
interactions are under control [14J and for a = the high-low interactions only cause 
logarithmic divergence which is removable [6j. So it is natural to conjecture that 
for a > the high-low interactions are also under control and a direct using of X^''' 
space would suffice for a well-posedness as in [2]. We proved the following 

Theorem 1.3. Let < a < 1 and cf) G H'^ for s > 1/2 — a/A. Then there exist 
T = T(U\\ jji/2-a/4) > and a unique solution u G X^^^'^'^ to (11.91) on {—T,T). 
Moreover, the solution mapping (p ^ u is locally Lipschitz continuous from H'^ to 



On the other hand, the equation (ll.Op has also several conservation laws: if u is 
a smooth solution to (11.91) then 



dtu + \d,j;\^^'^dxU =F M^Mx = 0, u{x, 0) = uq{x). 



(1.9) 



c([-r,r] : H'). 




(1.10) 



(1.11) 



(1.12) 
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It is easy to see that Eq. (11 .Op is invariant under the following scaling transform: 
for any A > 

u{x,t)^ Ux{x,t) = X^u{Xx,X'^^°'t), Mo,A = A^Mo(Ax). (1-13) 

Then we see is subcritical space in the sense of the scaling and easily obtain the 
a-priori bound: if u is a smooth solution to (11.91) (both foucusing and defocusing) 
then for any t G M 

\\u\\^i^<cm^i^)- (1-14) 

From 1/2 - a/4 < and the a-priori bound (I1.14p . and iterating Theorem ll.il 
we obtain the following corollary. 

Corollary 1.4. The Cauchy 'problem (ll.9p is globally wellposed in for s > 
z/0 < a < 1. 

The rest of the paper is organized as follows: In section 2 we present some nota- 
tions and Banach function spaces. The estimates for the characterization multiplier 
will be given in section 3. In section 4 we prove Theorem 1 1.3[ In section 5 we prove 
some short-time bilinear estimates. We prove Theorem 11.11 in section 6 using the 
energy estimates obtained in section 7. 

2. Notation and Definitions 

Throughout this paper, we fix < a < 1. For x,y & x<y means that there 
exists C > such that x < Cy. By x ~ y we mean x<y and y^x. For / e 5' we 
denote by / or J-'{f) the Fourier transform of / for both spatial and time variables, 

/(e,r)= / e-'^^e-''^f{x,t)dxdt. 

Moreover, we use Tx and Tt to denote the Fourier transform with respect to space 
and time variable respectively. Let Z+ = Z fl [0,oo). Let /<o = : |^| < 3/2}, 
J<o = : < 2}. For e Z let 

h = {i: lel e [(3/4) ■ 2^ (3/2) • 2^) } and h = {i : \i\ G [2'^-\ 2^^'] }. 

Let ?7o : M ^ [0, 1] denote an even smooth function supported in [—8/5,8/5] and 
equal to 1 in [-5/4,5/4]. For A; G Z let Xfc(0 = ^o(^/2'') - r/o(^/2''"^), Xk supported 
in {Me|G[(5/8)■2^(8/5)■2*^]}, and 

k2 

X[k^M] = ^Xk for any fci < ^2 G Z. 

k=k\ 

For simplicity, let rjk = Xk '^^ k > 1 and 77^ = if A; < —1. Also, for fci < A;2 G Z let 

k2 k2 

r][k^,k2] = ^Vk and ri<k2 = ^ Vk- 
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Roughly speaking, {xk}k£Z is the homogeneous decomposition function sequence 
and {rik}kez+ is the non-homogeneous decomposition function sequence to the fre- 
quency space. For A; G Z let Pk denote the operators on L^(R) defined by Pku{^) = 
l/fe(0^(0- By a slight abuse of notation we also define the operators on L^(Rx]R) 
by formulas J^(PfcM)(^,r) = 1i^{^)J^{u){^,t). For Z G Z let 

P<1 = Pk, P>1 = Pk- 

k<l k>l 

For X G M, let [x] be the largest integer that is less or equal to x. Let Oi, 02, 03 G M. 
It will be convenient to define the quantities amax > ^med > ^mm to be the maximum, 
median, and minimum of fli, 02, 03 respectively. Usually we use fci, /c2, and ji, ^2, js 
to denote integers, Ni = 2^^' and Li = 2-'' for i = 1, 2, 3 to denote dyadic numbers. 

For ^ G M let 

^(0 = -eier+" (2.1) 

which is the dispersion relation associated to Eq. (11.11) . For G L^(R) let W{t)(f) G 
C(]R : L^) denote the solution of the free evolution given by 

J^4W{t)m,t) = e''^^^^m- (2.2) 
We introduce the X*''' norm associated to the equation (11. II) which is given by 

where (■) = (1 + | ■ p)^/^. The spaces X^''' turn out to be very useful in the study 
of low-regularity theory for the dispersive equations. These spaces were first used 
to systematically study nonlinear dispersive wave problems by Bourgain [2] and 
developed by Kenig, Ponce and Vega [H] and Tao [23] . Klainerman and Machedon 
[T8j used similar ideas in their study of the nonlinear wave equation. We denote by 
X^' the space that X*''' localized to the interval [— T, T] . 
For k,j G let 

Dk,j = {(e, t) G M X M : e G 4, r - iu{^) G /,}, Dk,<j = Ui<jDk,i. 

ki 

Xk = {/ G L^{R^) : /(^, r) is supported in Ik x M (/<o x M if A; = 0) 



For k G Z+ we define the dyadic X*'^-type normed spaces Xj ''^'^ 



00 

and ll/llx, ■.= y^2^/'Hir -wiO) ■ m,r)h.< (2.3) 



j=0 



These /^-type X'^''^ structures were first introduced in |27j and used in [T2 | [T3l [26l [9] . 
The definition shows easily that if G Z+ and fk G Xk then 



\fki^,r')\dT' 



<\\fk\\x,. (2.4) 
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Moreover, it is easy to see (see [6]) that if /c G Z+, / G Z+, and fk G then 



j=i+i 



L2 



+2^/2 



r^<Kr-u;(0) / \m,r')\2-\l + 2-'\T-r'\)-'dr 



< 



IIMU,.(2.5) 



L2 



In particular, if A; G Z_|_, I G £ /fe £ X^, and 7 G 5(R), then 

||^[7(2'(t-to))--^-^(/.)]llx,<||/.|U,. (2.6) 

As in \13\ at frequency 2^ we will use the X*'^ structure given by the Xk norm, 
uniformly on the 2~^^^~"^''^ time scale. We will explain briefly why we use this scale 
in the next section. For k G Z+ we define the normed spaces 

/ G L2(M2) . T-) is supported in 7^ x M (7<o x R if A; = 0) 
and 11/11^, = sup \\T[f ■ r^o(2[(i-°)'=l(i - tkMU, < 00 



f G L2(R2) : supp/(e, r) C 4 X M (J<o x R if = 0) and ||j ||^, 
sup II (r - ^(0 + z2[(i-")^])-i^[/ ■ r]oi2^('-"^'^{t - 4))]||x, < 00 



We see from the definitions that we still use X'^''' structure on the whole interval for 
the low frequency. Since the spaces Fk and Nk are defined on the whole line, we 
define then local versions of the spaces in standard ways. For T G (0, 1] we define 
the normed spaces 

F,(T) = {/ G C{[-T,T] : L') : ||/||^,(t) = ^ . inf ||7||^J; 

/=/ m Rx[-T,T] 



iV,(T) = {feC{[-T,T]:L') 



inf 

/=/ in Rx[-r,T] 



N, 



}■ 



We assemble these dyadic spaces in a Littlewood-Paley manner. For s > and 
T G (0, 1], we define the normed spaces 



F'{T) 



N'{T) 



u : \\u\ 



u : \\u\ 



F={T) 



\FkiT) 



+ \\P<oiu 



<Ol";ilFo(T) 



< 00 



k=l 

00 



\NkiT) 



+ \\P<oiu 



<Ol"J||Aro(T) 



< 00 



k=l 



We define the dyadic energy space. For s > and u G C{[—T, T] : we define 

|2 



\U 



,^.(^) = ||P<o(«(0))||i. + 5^ sup 22^'=||P,(n(t,))||i.. 
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As in \l3l, for any /c G Z+ we define the set Sk of k — acceptable time multiplication 
factors 

10 

S, = {mk:R-^R: \\mk\\s, = S"^''^'""^'^ ||5^m,|Uoo < oo}. (2.7) 

j=0 

For instance, ri{2'''^^~"'^''H) G Sk for any rj satisfies < C for j = 0, 1, 2, . . . , 10. 

Direct estimates using the definitions and (12.51) show that for any s > and T G (0, 1] 

Efcez+ ^k{t) ■ Pk{u)\\Fs(T)<{supkez+ W^kWsJ ■ ||m||f=(T); 
Efcez+ ^k{t) ■ Pk{u)\\N^(T)<{snpkez+ W^kWs,) ■ lklU=(T); (2.8) 
T.k&+^k{t) ■ Pk{u)\\Es{T)<{snpkez+ W^kWs,) ■ \\u\\es{t)- 

3. A Symmetric Estimate 

In this section we prove symmetric estimates which will be used to prove bilinear 
estimates. For ^i, ^2 e K and u; : M ^ R as in fl2TT|) let 

^{^1,^2) = coi^i) + ^(6) - ^(6 + 6). (3.1) 

This is the resonance function that plays a crucial role in the bilinear estimate of 
the X^'^-type space. See [21] for a perspective discussion. For compactly supported 
nonnegative functions f,g,h& L^(R x M) let 

J{f,9,h) = / /(^i,/ii)5'(6,/^2)/i(6 + fJ'2 + ^{^i,^2))d^id^2dfJ.idfi2- 

Lemma 3.1. Assume ki G Z, ji G Z+, Ni = 2^\Li = 2^\i = 1,2,3. Let /fc-j. G 
L^(R X M) are nonnegative functions supported in ^2^i-'^ ^2'^''^^] x Ij., i = 1, 2, 3. 
Then 

(a) For any ki,k2,k3 G Z and ji,j2,j3 e Z+, 

3 

J{fk,,nJk,,nJk,,,) < C2=--l'2'--''\{\\h^,^\\L^. (3.2) 

1=1 

(h) If Nmin < Nmed ~ Nmax and (hji) ^ {kmin, jmax) for all i = 1, 2, 3, 

3 

JUk.,nJk,,nJk,,^ < C2(^--+^--)/22-(i+")'=— /2 J] H/'^^.^'- H^^^ (^.3) 

i=l 

If N'min ^ N^ned ~ Nmax and {ki, ji) = {kmini jmax 

) for some i G {1,2,3}, 

3 

J{fk,,nJk,,n^ fk,,n) < C2(^™-+^--)/22-"fc™a./22-fc™„/2 "Q ||/,^^^.J|^,. (3.4) 

i=l 
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(c) For any ki,k2,k3 eZ with Nmin ~ N^ed ~ N^ax > 1 and ji, j2, js e Z+ 



2 



Proof. Simple changes of variables in the integration and the observation that the 
function oj is odd show that 

\JU\9.h)\ = \J{gJ,h)\ = \J{f,h,g)\ = \J{lg,h)l 

where 7(e,/i) = fi-^^-fi). Let A^M) = iLlfk.A^. f^)\'dlA'^^ ^ = 1,2,3. Using 
the Cauchy-Schwartz inequality and the support properties of the functions fk.ji, 
we obtain 

JR2 



< 



i=l 

which is part ( desired. 

For part (b), in view of the support properties of the functions, it is easy to see 
that /(/fciji, /fc2j2, /fcgja) = unless 

Nmax ~ N^ed- (3.6) 

From symmetry we may assume ki < k2 < k^ and we have three cases. If ja = jmax 
then we will prove that if (^j : M — > are functions supported in Jfc^, i = 1,2, 
and g : R"^ —> R+ is an function supported in J^g x Ij^, then 

/ gi{Ci)g2{^2)g{^i + ^2,mi,^2mid^2<2''^'^''^''-^^^^ (3.7) 

This suffices for (13. 3p by Cauchy-Schwarz inequality. 

To prove (13.71) . we observe that since Ni <^ N2 then |^i + ^2| ~ |^2|- By change of 
variable ^[ = ^1, ^2 = ^1 + ^2, we get that the left-hand side of (13.71) is bounded by 

[ ^71(^1)^72(6 - 6)^7(6, ^(6, 6 - 6))rf6rf6- (3.8) 

Note that in the integration area we have 



d_ 



[^^(6,6 - 6)] I = l^'(ei) - ^'(6 - 6)1 ~ iv^ 



l+a 
2 ' 



where we use the fact \uj'{0\ = (2 + a)|6^^" and A^i < iVa- By change of variable 
/i2 = ^{^i, 6 " 6) we get that (13. 8p is bounded by 

2-(i+«)fc™./2||^^||^^||^^||^^||^||^^_ (3.9) 
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If J2 = jmax then this case is identical to the case js = jmax in view of (13. 6p . If 
ji = jmax it suffices to prove that if gi : M ^ IR+ are functions supported in 1^. , 
i = 2,3, and g -.M."^ ^ is an function supported in J^^ x Jj^, then 

Indeed, by change of variables ^2 = ^2, ^3 = ^2 + ^3 and noting that in the integration 
area ~ 2'=Me^| ~ 

1^ im^^s - Q] I = WiQ - ^'{^s - Q\ - N^m, 

we get from Cauchy-Schwarz inequality that 

92{Q93{e3 - Q9{^3, ^(^2, ^3 - Q)dad^'s 

|?^h2'=2,|5^|^2'=i 

<2-.fc™../22-fc™.„/2||^^||^^||^^||^^||^||^^^ (3.11) 

which is (13.101) as desired. 

We prove now part (c). For simplicity of notations we write = fki,jiii = 1, 2, 3. 
From symmetries we may assume = jmax and |^i| < |^2|- Then writing da = 
d^id^2dfJ^idfj,2 we have 



< 



Atl)/2(6, At2)/3(6 + 6, Ail + /i2 + ^i^l,^2))d^ld^2dlJ,ldfi2 
= {[ +[ )/l(ei,/il)/2(e2,/i2)/3(ei+e2,/il+/i2 + f^(ei,6))t^^^ 

:= I + 11. (3.12) 
For the contributions of I, noting that if ,^1 ■ ^2 < and |^i| < |,^2| then 
, d 



[^(6,6 - 6)] I = l^'(^i) - ^'(6 - 6)1 ~ AT, 



1+0 
2 ' 



thus by change of variable ^2 = 'C2 G and we get as for the first inequality in part 
(b) that 

3 

J<20m.n+i™ed)/22-(l + ")fcma./2 J-j- 1 1 /^^ J | ^2 . (3.13) 

i=l 

Interpolating with part (a), we immediately get the bound (??) for this term. 
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II = [I + f )/i(ei,/ii)/2(6,/i2) (3.14) 

•/3(ei + 6,/^i + /^2 + f^(6,e2))c?t^ 

:= Ih + Ih, (3.15) 

where R will be determined later. For J/i, we may assume ji = jmin and as in part 
(a) we get 



ih = / /i(6 + 6,/ii)/2(6,/i2)/3(ei + 26,/ii + /i2 + l^(6 + 6,6))rf^x 

J\(,i\<R 

3 

< 2^-— /2^i/2-Q||^^||^^_ (3^16) 
1=1 



For II2 we will use the bilinear Strichartz estimate (see Lemma 3.4, [lO]): for any 
Ui, U2 G 5 then 



/ 1161'+" - |6r+i;^'e^*"^^^^«i(6)e^*"^^^^^i(6) 



<lki||LHk2||L2,(3.17) 



where = |x| ■ l>i(|x|). In the integral area of 1/2, we have 

||^^|l+._|^^|l+.|l/2>^./2|^^_^^|l/2>^«/2^1/2_ 

We will choose R such that N2 Thus we get 

Ih < Nr^'R-'/' [ iieir+"-i6r+ir/i(ei,/ii)/2(6,/^2) 

■/3(6+6,/il+/^2 + ^^(6,6))c?^ 

< Nr"R-"' I iieir+"-i6r+ir/i(ei,^i-^(6)) 

72(6, /^2 - tc;(6))/3(6 + 6, /^i + /i2 - cu(6 + 6))c?cr- 
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Using Cauchy-Schwartz inequality and Plancherel's equality we get that II2 is dom- 
inated by 



L2 



/ ii6r-^°-i6r+ir/i(ei,/^i-^(6))/2(6,/i2-^(6)) 

< Nr"R''''\\h\\L^ 

1+Q It |l+a|l/2 



e^*"^^^ Vi(6, /uOe^*"^^^ ^2(6, /i2)rf/iirf/U2 IIl? , 



3 



j=l 

where we used (13.171) in the last inequality. Therefore, taking R = 2~°'^'"«^/22-?'"'=d/2 
we complete the proof of part (c). □ 

We restate now Lemma 13.11 in a form that is suitable for the trilinear estimates 
in the next sections. 

Corollary 3.2. Assume ki,k2,k3 G Z, ji,j2,j3 G (md fkiji ^ L^(M x M) are 
functions supported in {{^,t) : ^ E [2^'~\ 2^'+^], r — t<;(,^) G /j}, i = 1, 2. 
("aj For an?/ fci, fcs, G Z and ji, J2, J3 e 

2 

llK,,3(6r)(/,,,,*/,,,g|U.<2'=-/^2^--/^nil/'^«^ (3-18) 

1=1 

(b) For any /ci, ^2, A;3 e Z with Nmin < A^med ~ Nmax, and ji,j2,j3 e Z+, z//or 
some i G {1,2,3} such that {ki,ji) = {kminjmax) then 

2 

UD,^J^,r){h,,n*fk,,ML^<2^^^^^^^ (3.19) 

i=l 

else we have 

2 

nD,^J^,r){h,,,*h,,,ML^<^^^^^ (3.20) 

1=1 

("cj For any ki,k2,k^EZ with N^in ~ N^ed ~ iVmaz > 1 and ji,j2,j3 e Z+ 

2 

l|lD,3,,3(e,r)(/.,,, * /.,,0IU2<2^--/^2^"-/^2-"^— ll/'^^.^-^ll^^- (3.21) 

i=l 
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Proof. Clearly, we have 



^D,^,,^{^,r){fk,,n * /fc2,i2)(^,^)IU2 = sup 

11/1^2=1 



. (3.22) 



Let /fc3j3 = lDfc3.,3 ■ / and /J^j^(^,/i) = /fc,j,(^, /i + a;(0), i = 1,2,3. Then the 

functions fl^j^ are supported in 4^ x Ij. and H/fe.jJUa = ll/fcijJUa- Using simple 
changes of variables, we get that 

/ ■ fkiji * fk2,j2d^dT = Jifk-^J^, fk2,j2^ fL,j'J- 



I 



Then Corollary 13.21 follows from Lemma [3.11 



□ 



Remark 3.3. It is easy to see from the proof that Part (a) and the first inequality 
in Part (b) of Lemma 13.11 (Corollary 13. 2p also hold if we assume instead /fc. is 

supported in 7^. x I<j (-Dfci,<j) for ki, k2, k^ G Z+. 



4. TRILINEAR ESTIMATES 

In this section we prove Theorem 11.31 The ingredients are the estimates for the 
characterization multiplier obtained in the last section and TT* arguments as in [23]. 
The main issues reduce to prove the trilinear estimates and we refer the readers to 
[H] for the other standard details. 

Proposition 4.1. For all ui,U2,U3 on R x M and < e <^ 1, we have 

3 

||(UlM2M3)x||xl/2-«/4,-l/2+E< JJ^ \\Uj\\ xl/2-a/4,l/2+e (4.1) 

J = l 

with the implicit constant depending on e. 

This type of estimate was systematically studied in [23], see also [13] for an ele- 
mentary method. We will follow the idea in [23] to prove Proposition 14.11 Let Z be 
any abelian additive group with an invariant measure d^. In particular, Z = in 
this paper. For any k > 2, Let Tk{Z) denote the hyperplane in M'^ 

Tk{Z) := {(^1, . . . , 6) e Z'^ : ei + . . . + a = 0} 
endowed with the induced measure 

/ f ■= f{^i,---,^k-i,-^i-----^k-i)d^i...d^k^i. 
Note that this measure is symmetric with respect to permutation of the co-ordinates. 
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A function m : Tk{Z) ^ C is said to to be a [k; Z] — multiplier, and we define 
the norm ||m||[yfc.2] to be the best constant such that the inequahty 



holds for all test functions fi on Z. 



< \\m 



\[k;Z] Y\_ Wfi 

3=1 



(4.2) 



Proof of Proposition \4.1\ By duality, Plancherel's equality and the definition, it is 
easy to see that for (14.11) . it suffices to prove 



(ei + 6 + 6)(U^"^ 



/2+e 



< 1. 



(4.3) 



[4;MxI 



As in the proof of Corollary 6.3 
inequality 



we estimate |^i + ^2 + ^al by (^4). From the 



and symmetry it reduces to show 



(6)^-?(6)^-^(r4 - .^(^4))^/^- n - com'/'^' 



< 1. 



[4;IRxR] 



We may minorize (t2— co'(^2))"'^^^^^ by (t2 — co'(^2))"'^^^ ^- But then the estimate follows 
from TT* identity (Lemma 3.7, [2l|) and the following proposition. □ 



Proposition 4.2. For allu,v on 



\UV\\i^2 



< 



: M and < s <^ 1, we have 

\U\\^~l/2,l/2~s ||f II j^1/2-q/4,1/2+£ 



Before proving this proposition, we restate Corollary 13.21 in the following lemma. 



Lemma 4.3. Let H, Ni, N2, N3, L^, L2, > obey (ICTD and ( HA2|) . Then 
(i) IfNraax ~ A^mm and Lmax ~ N^^^Nmin, then we have 

(11) IfN2 ~ ATg > A^i and Nl^^N^in ~ i^i>^2, L^, then 



flTTOlXL^^^ A^~(i+")/2 rninfA^^+"A^ 



N„ 



max J \l/2 



-'med ) 



Similarly for permutations. 

(Hi) In all other cases, we have 



mm<Ll!^nN-^-"'^^' min(Ar^+:^^n.», L^edY^'. 



(4.4) 



(4.5) 



(4.6) 
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Proof of Proposition \4-S\ By Plancherel's equality it suffices to show that 



By comparision principle (see [24j), it suffices to prove that 



< 1- (4.7) 

[3;MxR] 



E E E 



1 



r 1/2+e 



Ni,N2,N3Li,L2,L3 H i^l) "* -^1 -^2 

||XAfi,Af2,Af3;J^;ii,-f'2,i3ll[3;IR2]<l, (4.8) 

where Ni,Li,H are dyadic numbers, h{C,i,C,2,C,3) = ^(^i) +"^(^2) +'.^.'(^3) 

XNi,N2,N3;H-LiM,L3 = X|6l~A^l,l6l'-A^2,|e3|~A^3 

■X|h|-HX|Ti-a;{6)hii,|T2-a;{6)hi2,|T3-a;{C3)|-L3- (4-9) 

The issues reduce to the estimates of 

\\XNi,N2,N3;H;Li,L2,L3\\[3-M2] (4-10) 

and dyadic summations. 
From the identity 

and 

n - cu(ei) + T2- cu(6) + - cu(6) + HO = 0, 

then we must have for the multiplier in fl4.10p to be nonvanishing 

^max ~ ^med 1 

Lmax ~ max(Lmed,if), (4.11) 

where we define Nmax > Nmed > to be the maximum, median, and minimum 
of A^i, respectively. Similarly define Lmax > Lmed > Lmin- It's known (see 

Section 4, [21]) and from Lemma [5. II that we may assume 

Nmax>l^ Li,L2,L3>l, H N'J-^lNm^n. (4.12) 
Therefore, from Schur's test (Lemma 3.11, [24j) it suffices to prove that 

, ^l/2+£^l/2-e 

Li,i2,i3ll[3;K2] (4.13) 

and 



(iV2)^/^ 



x||XAfl,Af2,Af3;^^;il,i2,i3ll[3;K2] (4-14) 
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are both uniformly bounded for all A^^l- 

Fix A^. We first prove (14. 141) . By fl4.6p we reduce to 



(N^y/^ 1/2 

{Ni)2 iL^ 



Using the estimate 



~ V i_a 1 -^1 -^2 ^min ^med 



and then performing the L summations, we reduce to 



which is certainly true since < a < 1. 

Now we show fl4.13p . We may assume Lmax ~ N^x^min- 

We assume first N^ax ~ Nmin ~ In this case applying (14.41) we reduce to 

^^VV^^ 1/2 f 1/4 

Ari-H r 1/2+e r l/2-£ ^min^" rnaxl^rned ~ 
/V 2 4 J, . J, , 
Lmax^N-^ mm med 

which is easily verified. Now we assume Nmax ~ Nmed 3> Nmin where (14. 5 p applies. 
We have three cases 

AT ~ A^i ~ A^2 > A/^s; ^ ~ ^3 > Li, La 

N N2 N3 Nl] H Ll > L2, 

N Nl N3 N2] H L2 > Ll, L3 

In the first case we reduce to 

1^ 1^ ^1 I .l/2+£.l/2-e 

Af3<Af l^Li.La^Afi+'^iVs 1 2 

m^nl' Ar ^^max_j xl/2 
^min^^max ^^^^^^V^ max mm^ ,^ J^med) 

Performing the A^^a summation we reduce to 

/\ri/2 

V 7-^2 AT-fr 1/4 < . 

Ari-^rl/2+£rl/2-£ ™" "^med ~ 

l<Li,L2<^3 4L/ L2' 



which is easily verified. 
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To unify the second and third cases we replace lJ^^^^ by L^l'^ . It suffices now 
to show the second case. We simphfy using (14.51) to 

We may assume A^^i > A^~(i+") since the inner sum vanishes otherwise. Performing 
the L summation we reduce to 

y Nl'-' < 1 

N-i^+'^)<Ni-€.N \ ^' ^ 

which is easily verified (with about to spare). 

To finish the proof of (14.131) it remains to deal with the cases where (14.61) holds. 
This reduces to 



Performing the L summations, we reduce to 



which is easily verified. □ 

We see from the proof that a > plays crucial roles. The implicit constant in 
(14.11) depends on both a and e. 

5. Short-time bilinear estimates 

We prove now some dyadic bilinear estimates. We will need an estimate on the 
resonance. For its proof we refer the reader to Lemma 3.8 in [TTj. 



Lemma 5.1. Let < a < 1. Then 
where 

\i\max = max(|^i|, |^2|, |6 + 61), \^\min = min(|^i|, |^2|, l-^i + 61)- 

Proposition 5.2 (high-low). If > 20, % - h\ < 5, < h < k2 - 10, then 

\\Pk3d^iUk,Vk^)\\N,.^<\\Uki\\F,JVk2\\Fk^- (5.1) 



18 ZIHUA GUO 



Proof. Using the definitions and (12.61) . we obtain that the left-hand side of (15. ip is 
dominated by 

C sup II (r - LuiO + z2[(i--)'=3])-i . 2^n. (0 



■^[«fc,r/o(2[(i-°)^-^l-2(t _ t,))] * ^[t;,^r/o(2[(^--)'=^]-2(t - 4))]|U,. (5.2) 

To prove Proposition 15.21 it suffices to prove that if ji > [(1 — a)k3\ and : 
M+ are supported in D^-j. for z = 1, 2, then 

i3>[(l-a)fc3] 

<2(^"~^/^)'=^2(^-^+^-^)/2||/,,,JU.||/fe..llL- (5.3) 

Indeed, let = J^[ukM'^^''''^'''\t-tj,))] and = J^[vkM'^'^''"'^''~\t~h))]. 
Then from the definition of we get that (15. 2p is dominated by 

oo 

sup 2'^ 2''^' E 11(2^'^ + ^^-"^'T'Id,,,,, ■ fkun * (5.4) 

where we set fki,j, = /fc,(^, i")%(i" - ^^(0) ^oi ji > [(1 - 0)^3] and the remaining 
part fk,„[(i-a)k3] = fkA^,^)v<Ki-a)k3]ir - ^^(0). ^ = 1,2. For the summation on the 
terms J3 < [(1 — a)fc3] in (15.41) . we get from the fact 10^3^3 < ^^^^ 

sup 2'=^ E 2^'^/^ 5^ ||(2^-« + ^2(i-")'=3)-ii^^^^^^ . f^^^^^ , 

i3<[(l-a)fc3] iiJ2>[(l-a)fc3] 

< sup 2^=3 5^ 2-[(-")'=3l/2||i^^^^^^^_^^^^^ . f^^^^^ , (5.5) 

" il,i2>[(l-a)fc3] 

From the fact that /^.j. is supported in -Dfciji for i = 1,2 and using (15. 3p . then we 
get that 

sup 2'^ J2 2-[(i-")'=«]/2||l5 . /,^,,.^ * /,,,,,|U2 

" iiJ2>[(l-a)fc3] 

<2(--V4)/ci J- 2^V2||j^^_^.j|^,2^V2||;^,^_^.j|^,. 

*'=^'^iiJ2>[{l-a)fc3] 

Thus from the definition and using (12.51) and (12. 6p we obtain (15. ip . as desired. To 
prove (15. Sp . we apply Corollary 13.21 (b) and Remark [3731 that 



2^3 J2 2-^3/2p^ 



i3>[{l-Q)fc3] 



2 2 
<2fc3 ^ 2(^-^+^-^3)/22-(l+«)fc3/2 -Q ||/,^_^,||^2<2(^-^+^-^)/2 H ||/fc,,,JU2. 

i3>[(l-a)fc3] i=l j=l 
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Therefore, we complete the proof of the proposition. □ 

We see from the proof that if we only consider the interactions in short time, 
then the modulation has a bound below, thus we are able to control the high low 
interactions in time interval of length 2~[(^~")'^]. 

Proposition 5.3. Assume > 20. // |A;3 — /C2I < 5 and \ki — < 5 then we have 

\\PkMUk,Vk2)\\N,,^<\\UkA\F,JVkjF^^- (5.6) 



Proof. As in the proof of Proposition [521 it suffices to prove that if ji, j2 > [(1— tt)^3] 
and fkiji : ffi^ — > are supported in Dk^j^, i = 1,2, then 

i3> [(1-0)^3] 

Since by Lemma [STT] we get in the area ^ Iki,i = 1,2} H {|^i +^2! ^ -^^^3} 

1^^(^1,6)1 ~2(2+")'=3, 

then by checking the support properties, we get 1^ ■ {fkiji * fk2,j2) = unless 

^ 3 '^3 

jmax > (2 + a)k3 — 30. Then it follows from Corollary 13.21 (a) that the left-hand side 
of (15.71) is bounded by 

2 

i3>[(l-a)fc3] »=1 

Then we get the bound ([EID by considering either J3 = jmax or J3 7^ jmax- □ 

Proposition 5.4. If k2 > 20, \ki — k2\ < 5 and < k^ < ki — 10, then we have 

||P.35.(«^i^^Jlk.3^^22-('-"^'^2(i-2")'=^h,J|^,J|t;,J|^,^. (5.9) 

Proof. Let /? : M — > [0, 1] be a smooth function supported in [—1, 1] with the property 
that 

^/32(x-n) = l, xgM. 

Using the definitions, the left-hand side of (15.91) is dominated by 

Csup \\ir - coiO + ^2^'-''^''^^r'2''^Xk',{0 E 

* fc^<fc3 |m|<C2''"""*2-fc3 + ) 

.F[Mfe,r7o(2(^-'^)'^+(t - tfc))/3(2(^-")'=^(t - tk) - m)] * 
.FKr/o(2(^-")'=^+(t - tfc))/3(2(i-")^^(t - tfc) - m)]||^^. 

We assume first k^ = 0. In view of the definitions, (12. 5p and (12. 6p . it suffices to 
prove that if ji, ^2 > [(1 — o:)k2], and /fc-j- : ]R'^^M+ are supported in Dk^j-, i = 1,2, 
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then 

<A:2^2(^2")'=^2^-^/l/,,,JU. ■ 2^^^'\\h,,AL^ (5.10) 

To prove flS.lOp . we may assume k'^ > — 10A;2, since otherwise we use Corollary 
13.21 (a). From Lemma [5.11 and the supports properties as in Proposition 15.31 we get 
jmax > (1 + a;)A;2 + ^3 ~ 30. Then it follows from Corollary 13. 21 (b) that the left-hand 
side of (15.101) is bounded by 

Cfcs E2'=32(i-")'=22-(^+")'=2/22-fcy22ii/22i2/22-afc2/22-fcy2||^^^^.^||^^||y.^^^^^^ 

<^22(^2a)..2.l/22.V2||J^^^_^.J|^,||J^^^^.J|^, 

We assume now > 1. It suffices to prove that if ji,j2 > [(1 — «)fc2], and 
fk^j^ : ]R^^R+ are supported in -Dfc.j,, i = 1, 2, then 

j3>(l-a)fe3 

<^22-(l-«)fe32(|-2a)..2.l/2|| J^^^^.JI^, . 2^-/'\\h,,jJ\L^ (5.11) 

which can be proved similarly as flS.lOp . □ 
Proposition 5.5. IfO< ki,k2,k^ < 200, then 

\\Pksdx{Uk,Vk^)\\N,.^<\M\F,JVk^\\F^^. (5.12) 

Proof. This follows immediately from the definitions, Corollary 13.21 (a). Remark 13.31 
and ([23]) and ([21]). □ 

As a conclusion to this section we prove the bilinear estimates, using the dyadic 
bilinear estimates obtained above. 

Lemma 5.6. (a) If s > 1 - a, T e (0, 1], and u,v G F'{T) then 

\\dx{uv)\\Ns{T) < lkl|F-(T)||f ||fi-"(t) + ||w||Fi-«(r)||^||F«(r)- (5.13) 
(b)IfT e (0, 1], M G F°(T) and v e F""(T) then 

\\dx{uv)\\NO(T) < ||m||fO(t)||w||fi-"(T)- (5.14) 

Proof. Since PkPj = if k j and k,j G Z+, then we can fix extensions u,v of 
u,v such that \\Pk{u)\\Fk < 2\\Pk{u)\\Fi,(T) and \\Pk{v)\\F^ < 2\\Pk{v)\\Fi,(T) for any 
k G Z+. In view of definition, we get 



\dx{uv)\\lfs(^T) <Y^2'^''^PkM 

k3=0 
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(5.15) 



From symmetry we may assume ki < k2- Dividing the summation on the right-hand 
side of fl5.15l) into several parts, we get 



where we denote 



\Pk-Ad^{Uk,VkJ)\\N,.^ < Y^WPk^id^iUk.Vk^MN^^ 

2 = 1 A, 





= {ki 


< k2 


\k2 




< 5,ki < k2 


-10, 


and k2 > 20}; 




= {ki 


< k2 


\k2 


~h\ 


< 5, \ki - k2 


< 10 


, and k2 > 20} 


A3 


= {h 


< k2 


h 


< k2 - 


-10, |A;i-A;2| 


<5, 


and ki > 20}. 


A, 


= {ki 


< k2 


ki, 


k2, ks 


< 200}. 







For part (a), it suffices to prove that for i = 1, 2, 3, 4 then 



2^^'3 5^||Pfc3(9.(^I,,?^,J)|U,^ 



<| 



^=3 



which follows from Proposition I5.2tl531 For part (b), it suffices to prove 



WPksid^iUk.VkMlN,^ 



<| 



f Ipo n Ips 



^3 



(5.16) 



(5.17) 



(5.18) 



Similarly we divide the summation on the left-hand side of fl5.18p into many pieces, 
but now we do not have symmetries. We denote for i = 1, 2, 3, 4 

Ai = {{ki,k2) : (/c2,A;i) e A,}. 



For the summation in Ai U Ai we can get easily control it using Proposition 15. 2[ 
The contributions of the summation in A2 U A2 and U A4 are acceptable due to 
Proposition 15.31 and 15. 5[ For the summation in A3 U A3 we use Proposition 15.41 since 
for < a < 1 we have 1 - a > 1/2 - 2a. □ 



6. Proof of Theorem 11.11 



In this section we devote to prove Theorem II. 1[ The main ingredients are en- 
ergy estimates which is proved in the next section and short-time bilinear estimates 
obtained in the last section. The idea is due to lonescu, Kenig and Tataru [13]. 
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Proposition 6.1. Lets>0,Te (0, 1], and u G F'{T), then 

sup \\u{t)\\H^< ||m||f-(t)- (6.1) 
te[-T,T] 

Proof. In view of the definitions, it suffices to prove tliat if A; G Z_|_, tk G [—1, 1], and 
Uk G Fk then 

mMtkmLiS\n^k-m{2^^'^''^'\t-um\x,. (6.2) 

Let fk = J^[uk ■ r7o(2[(i^")^](t - t,))], so 
From the definition of Xj., we get that 



\^[Ukitk)]\\L 



2< 



\fk{^,r)\dT 



which completes the proof of the proposition. □ 
Proposition 6.2. Assume T G (0,1], u,v e C([-T,T] : and 

Wt + |<9xr+°5xM = w onMx (-T,T). (6.3) 

Then for any s > 0, 

lkllF=(r)< ||M|U»(r) + ||^IU»(r)- (6.4) 

Proof. In view of the definitions, we see that the square of the right-hand side of 
(16.41) is equivalent to 

\\p<^{<m\y + \\p<^{v)\\i^iT) 

+ sup 22^^||P,(t.(4))||i. + 22^'^||P,(t;)||^^(^)). 

Thus, from definitions, it suffices to prove that if A; G Z+ and m, f G C([— T, T] : H°^) 
solve (16. 3p . then 

l^<o(«)||Fo(r)<||P<o(n(0))|U2 + ||P<o(t;)||^o(T); 5. 

l^fc(M)||Ffe(T)<SUPi^,g[_y^r] \\Pk{u{tk))\\L^ + ||Pfc(t^)||iVfe(T) if > 1. 

We only prove the second inequality in (16. 5p . since the first one can be treated 
in the same ways. Fix k > 1 and let v denote an extension of Pk{v) such that 
ll^'llArfc < C'||i;||Ar^(T). In view of (12.81) . we may assume that v is supported in R x 
[_r - 2-[(i^")'=l-io,T + 2-[(i-")'^]-i0]. Indeed, let e{t) be a smooth function such 
that 

e{t) = 1, if t > 1; e{t) = 0, if t < 0. 
Thus e(2[(i-")'=]+i0(t + T + 2-[(i-°)'=l~i0)), ^(-2[(i-")'=]+i0(t - T - 2-[(i-°)'=l-i0)) g 
^fc. Then we see that 6(2^^^-"^^^+^^ {t + T + 2-[(i-")'^]-i0))^(-2[(i-")'=l+i°(t - T - 
2-[(i-a)fc]-i0)^ is supported in [-T - 2-[(i-")'=l-i°, r + 2-[(i-")'=l-i°] and equal to 1 in 
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[-T, T]. From (ESD we consider ve{2''+^°{t + T + 2-''-^°))e{-2''+^\t - T - 2-''-^°)) 
instead. For t > T we define 

u{t) = r7o(2[(^-")'=l+^(t - T)) [Wit - T)Pu{u{T)) + j'^ W{t - s){Pu{v{s)))ds] . 

For t < —T we define 

u{t) = r/o(2[(i-")^']+5(t + T)) [W{t + T)P,{u{-T)) + j'^ W{t - s){P,{v{s)))ds\ . 

For t G [— T, T] we define = u{t). It is clear that u is an extension of u and we 
get from i^Bj that 

\\n\WiT)< sup ||^[w-r/o(2[(i-")^'](t-4))]|U,. (6.6) 

Indeed, to prove (16.61) . it suffices to prove that 

sup||^[«-r/o(2[(i-°)'=](t-t,))]|U,< sup ||^[^I-r/o(2[(i-")'=l(t-t,))]||x.. (6.7) 

tfeGK ifcG[-T,T] 

For tfc > T, since m is supported in [-T - 2-[(i-°)'=l-^ T + 2-^^^-""^^^-% it is easy to 
see that 

^^Q(2[(i-)'=l(t _ t,)) = uvo{2^^'~^^'Kt - T))r^o{2^^'-"^'Kt - h)). 
Therefore, we get from (12. 6p that 

snpmu-voi2\t-t,m\x,< sup mu-voi2\t-hm\x,. 

tk>T ifce[-T,T] 

Using the same method for < —T, we obtain (16. 6p as desired. 

Now we prove the second inequality in (16. 5p . In view of the definitions, (16. 6p and 
(12.61) . it suffices to prove that if (pk £ L"^ with 0^ supported in J^, and Vk G N^^ then 

II^K ■ ^o(2[(^-")'=lt)]|U,<||0.||L^ + ||(r - ujiO + .2[(i-")'=l)-^ ■ ^(^;,)||x„ (6.8) 
where ^ 

Mfc(t) = iy(t)(</.fc)+ / iy(t-s)(t;fc(s))rfs. (6.9) 



Straightforward computations show that 

J^[u, ■ r^o(2[(^-")'']t)](e,r) = £(0 • 2-^^'-"'>%{2-^^'-^^'\r - com 
[ T(. rfo(2-[(^-"W(r - rQ) - ffo{2-^^^-)^Kr - ^iO)) 

+C Hv.m r ) 2[a-")^](r'-c.(0) ' 

We observe now that 

^„(2-[(i-»)^](r - rQ) - rro(2-[(^-°W(r - .;(e))) . , _ ^ ,,[(i-«).h 
2[(i-")fc](r'-^(0) ^^1^+*^ J 

< 2-[{i-")fc](i + 2-[(^-")^V - r'l)-^ + 2-[(i-°)^'](l + 2-[(i-°)'=l|r - cu(OI)^ 
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Using (12 ■4p and (12.51) . we complete the proof of the proposition. □ 

Now we turn to prove Theorem 11.11 To prove Theorem 11.11 (a), by the scahng 
(11.61) we may assume that 

\\uo\\h^ <e <^l. (6.10) 

The uniqueness follows from the classical energy methods. We only need to construct 
the solution on the time interval [—1, 1]. In view of the classical results, it suffices 
to prove that if T G (0,1] and u G C{[-T,T] : if~) is a solution of ([H]) with 

llwoll/f^' < e ^ 1 then 

sup ||M(i)||H2<||Mo||//2- (6.11) 

te[-T,T] 

It follows from Proposition 16. 2[ Proposition 15.61 and the energy estimate Proposi- 
tion [72] that for any T' G [0,T] we have 

II^I|f-(T')~I|w||e-(T') + \\dx{u'^)\\N'>{T')] 

\\dx{u^)\\N-(T')<\\u\\%(^T,y, (6.12) 

We denote X{T') = \\u\\eo{t') + ||c^z(^^)||Af=(T')- Then by a similar argument as in 
the proof of Lemma 4.2 in [13], we know X{T') is continuous and satisfies 

^im X(T')<||no||//.. 
On the other hand, we get from (16.121) that 

x{rY<\WorHs+x{T'f + x{TT. 

If Co is sufficiently small, then we can get from (I6.10p . the continuity and the standard 
bootstrap that X{T')<\\uo\\h'> and therefore we obtain 

l|w||F=(r)<||Mo||H=- (6.13) 

For cr > s we obtain from Proposition 16. 2[ Proposition 15.61 (a) and the energy 
estimate Proposition 17.21 that for any T' G [0,T] we have 

kll-F''(T')^ll^l|s'^(T') + \\dx{u'^)\\N'^{T'y, 

\dx{u'^)\\N'^iT')<\H\F'^{T')\\u\\Fs{T'); (6.14) 
|w|||-(T')~II'^IIh'' + \MfHT')\MI.(^t')- 

Then from (16.131) we get ||tt||Fs(T) ^ 1 and hence 

l|w||i^'^(T)<||^io|k-, (6.15) 

which in particularly implies (I6.1ip as desired. We complete the proof of part (a). 

We prove now Theorem ll.il (b), following the ideas in fT3j. Fixing uq G H"^, then 
we choose {0n} C H°° such that lim„^oo 0n = Uq in H'^. It suffices to prove the 
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sequence S'|P(0„) is a Cauchy sequence in C{[—T,T] : H^). From the definition it 
suffices to prove that for any 5 > there is such that 

sup \\S^{<pm)-S^{<Pn)\\Hs<5, ym,n>Ms. 

t&[-T,T] 

For G Z+ let 0^ = P<K(pn- Since 0^ Uq in if^, then we see for any fixed K 
there is M^^k such that 

sup ||5^(0^) - < 5/2, Vm,n > M,,,,. 

tG[-T,T] 

On the other hand, we get from Proposition 17.31 and Lemma 16.11 that 



sup \\S^{<Pn)-S^ 
tG[-T,T] 



< 

< 



^n-<Pn\\Hs + 110^^2. II 0„ 



|L2 



> - <Pn\\H= + \\<P - V WH'^ 

Thus we obtain that for any 6 > there are K and Ms such that 

sup \\S^{(j)n) - (0n < ^2, Vn > M5. 

te[-T,T] 

Therefore, we complete the proof of part (b) of Theorem 11.11 



7. Energy Estimates 

In this section we prove the energy estimates, following the ideas in [13]. We 
introduce a new Littlewood-Paley decomposition with smooth symbols. With 

Let Pk denote the operator on L^(]R) defined by the Fourier multiplier XkiO- Assume 
that u,v e C([-T,T];L2) and 

ut + \d^\^+''d^u = v, (a;,t) gMx (-T,T); 
u{x, 0) = 4>{x). 



(7.1) 



Then we multiply by u and integrate to conclude that 



sup ||M(4)||i2 < 11011^2 + sup 

\tk\<T \tk\<T 



u ■ vdxdt 



x[0,tfc] 



(7.2) 



Lemma 7.1. (a) Assume T G (0,1], ^1,^25 ^3 ^ ^+ with max(fci, /c2; ^3) ^ 1? Ojud 
Ui G FkXT),i = 1, 2, 3. Then if k^in < kmax - 5, we have 



UiU2U^dxdt 



x[0,T] 



<2 



n 

2=1 



l^i||i^fc,(T)- 



(7.3) 
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(b) Assume T e (0, 1], k e Z+, < ki < k - 10, u G Fk{T), and v G Fk,{T). 
Then 



Pk{u)Pk{dxU ■ Pk^{v))dxdt 



IRx[0,T] 



<2 



Km Yl ll^.'HIII„(T)-(7.4) 

fe'-fe|<10 



Proof. For part (a), from symmetry we may assume ki < k2 < k^. In order for the 
integral to be nontrivial we must also have |A;2 — < 4. We fix extension G F^. 
such that < 2||Mj||ir^ (r), i = 1,2,3. Let 7 : M 

function supported in [—1, 1] with the property that 



[0, 1] denote a smooth 



^7^(x -n) = 1, x G M. 
The left-hand side of (17. 3p is dominated by 

X (7(2l(^-")'=^lt - n)u2) ■ (7(2[(^-")'^«]t - n)u^)dxdt 



(7.5) 



We observe first that 

\A\ = \{n : 7(2[(^-")^3]^ _ n)l[o,T] W nonzero and ^ 7(2l(^-")'=^lt - n)}\ < 4. 

We assume first that ki <k^ — 5. For the summation oi n E A'^ on the left-hand 
side of (17.51) . as was explained in the proof of Proposition 15.21 for (17.31) it suffices to 
prove that if /fc-j. are L? functions supported in Dki,<ji for z = 1, 2, 3 then 

3 

ii,i2j3>[(i-a)fc3] ii>o«=i 

Clearly we may assume max(/ci, ^3) > 10, otherwise we can get (17. 6p by using 
Lemma 13.11 (a). We get from Lemma 13.11 (b) that the left-hand side of (17.61) is 
bounded by 



i=l 



2(1-0)^3/2 ^ 2(-''i+J2+J3)/22-(l+a)fc3/2 JJ" IIJ^ ^. 

ii J2,i3>[(l-a)fc3] 
3 

<2-fc™..^Jj2^-'/l/,,,,J|2, 

j,>0 2 = 1 



(7.7) 



which is (17. 6p as desired. 



DISPERSION GENERALIZED BENJAMIN-ONO EQUATION 



27 



For the summation of n G A, we observe that if / C M is an interval, k G Z+, 
h G Xk, and fi = J^{lj{t) ■ J'~\fk)) then 



sup 2^''H{T-uj{0)-fl\W<\\fk\\x,- 



(7.8) 



Indeed, to prove (17.81) it suffices to prove for any ji > and fk,j^ = /fc(^5 T)?7ji(T — 
then 

(7.9) 



sup 2^l^ii,{r - coiO) ■ fUh^<2''^'\\fk,n\\L.. 



If j < ji + 20, then (17. 9p follows from Plancherel's equality. If j > ji + 20 then from 
2^%{T-u;mfU{^,T)\<2^%{r-u{0) [ \h,A^,T)\\r - rT'dr' 



we get (17. 9p from (12.51) since |r — r'| ~ 2^. For the summation of n G A on the 
left-hand side of (17. 5p . clearly we may assume ji < lOk^. Then as before we can get 
(17:31) due to a < 1. 

For part(b), we denote the commutator of Ti, T2 by [Ti, T2] = T1T2 — T2T1. Then 
the left-hand side of (I7.4p is dominated by 



Pk{u)Pk{dxu)Pk^{v)dxdt 



Rx[0,T] 



IRx[0,T] 



Pk{u) [Pfc, Pfei {v)] {dxu)dxdt 



. (7.10) 



For the first term in (I7.10p we integrate by part and then use (17. 3p . For the second 
term it follows from (17. 3p and the similar argument in the proof of Lemma 6.1 in 
1. We omit the details. □ 



Proposition 7.2. Assume that T G (0, 1] and u G C([— T, T] : H°°) is a solution to 
Eq. (Il.ip on M X (— T, T). Then for s > 1 — a we have 

II l|2 ^11 ||2 I II II II ||2 

\\'^\\E^{T)rZ\\'^Q\\H^ + \\'^\\F^~°'{T)\\U\\p8(j'y 

Proof. From definition we have 

|2 



l«l|E»(T)-|l^<o(«o)||i2< sup 22^iPfc(n(t 

t^-,t,e[-T,T] 



k))\\h- 



(7.11) 
(7.12) 



Then we can get from (17.20 that 

2'^'\\PkHtkmh - 2'^'\\Pk{uo)\\h<2'^' 



Pk{u)Pk{u ■ dxu)dxdt 



(7.13) 



It is easy to see that the right-hand side of (I7.13P is dominated by 



Rx[0,tfe 



^^2sk 

fci<fc-10 

^c;2^sk j2 

fci>fc-9,fc2ez+ 



Pk{u)Pk{PkrU ■ dxu)dxdt 



Pl{u)Pk^{u) ■ dxPk2{u)dxdt 



(7.14) 
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For the first term in f l7.14p . using (17.41) then we get that it is bounded by 

fci<fc-10 |fe'-fc|<10 
<IU,II 02sfc 11 ,||2 

\k'-k\<W 

which imphes that the summation of the first term is bounded by ||M||i;'i-a('r)||'u|||,sj-^j 
as desired. 

For the second term in fl7.14p . using (17.31) we get that it is bounded by 

fcl-fc|<10,fc2<fc+10 
|fel-fc2|<10,fcl>fc+10 

<2^'''\\u\\fi-'^(T) ^ II^IIf,,(t)- 

|fc'-fc|<10 

Therefore, we complete the proof of the proposition. □ 

Proposition 7.3. Let < a < 1. Assume a > 1 — a. Let Ui,U2 E F'^{1) be 
solutions to (11.11) with initial data 0i,02 E H°° satisfying 

||0i||h- + \\(p2\\H- < eo < 1- 

Then we have 

\\ui - M2||f"(i)<1|0i - 02||l2, (7.15) 

and 

\\Ui - M2||f-(1)<||01 - 02||//- + 1101 II //2a 1101 - 02||l2. (7.16) 

Proof. We prove first (17.151) . Since ||0i||//<t + ||02||//<^ < eo ^ 1, then from the proof 
of Theorem 11.11 (a) in the last section we know 

||mi||f-(i) < 1, ||m2||f-(i) < 1- (7-17) 

Let V = U2 — Ui, then v solves the equation 

dtv+ Id^l^^'^dr.v = -d^[v{ui + U2)/2]; , . 

^(0) =0 = 02-01. ^^^^^ 

Then from Proposition 16.21 and Proposition 15.61 (b) we obtain 

Ikl|/^0(1)^II^I|/?0(1) + ll<9xb(Ml +M2)/2]|Uo(l); 

||5x[f(Ml +M2)/2]||7VO(i)<||w||FO(i)(||Mi||i.i-<.(l) + ||m2||fi-«(i)). 
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We now devote to derive an estimate on ||t'||£;o(i). As in the proof of Proposition 
17:^ we get from ([72D that 



k>l 



Pk{v)Pk{dxV ■ {ui + U2))dxdt 



Mx[0,tfc] 



k>l 



Pk{v)Pk{v ■ dx{ui + U2))dxdt 



Rx[0,tfc] 



. (7.20) 



For the first term on right-hand side of (17.201) , using Lemma 17.11 we can bound it by 



k>l ki<k~W 



Pk{v)Pk{dxV ■ Pkiiui + U2))dxdt 



Rx[0,tfc 



Pl{v)dxPk2{v) ■ Pkiiui + U2)dxdt 



IRx[0,tfe] 



+c'E E 

fc>l fci>fe-9,fc2GZ+ 
SH?fO{1){\Wi\\f-{1) + ||m2||f-(1)), 

The second term on right-hand side of (17.201) is dominated by 



E E 

k>i fci,fc2eZ4 



Pl{v)Pki{v) ■ dxPkiiui + U2)dxdt 



Mx[0,ifc 



<| 



'^llFO(l)(lhl||F<'(l) + II'"2||f<^(1))- 



Therefore, we obtain the following estimate 



|2 

\E^\l)r 



\v\r^ < 



^2 + ||'w|Ifo(i)(||mi||f<^(i) + ||m2||f<'(i)), 

which combined with (17.190 implies (17.15^ in view of (17.170 . 
We prove now (17.161) . From Proposition 16.21 and 15.61 we obtain 

\dx[v{Ui + M2)/2]|U<^(1)<||^;||f-(1)(||^^i||f-(1) + ||^^2||f-(1); 

Since ||P<o(f )||i;<T(i) = ||P<o(0)||l2, it follows from (17.171) that 

II^IIf-(i)<||^>i(^^)IU-(i) + W'PWh-- 

To bound ||-P>i(f ) ||£;<^(i), we observe that 

||P>i(t^)IU<^(i) = ||P>i(A"t^)IUo(i), 



(7.21) 



(7.22) 



(7.23) 



where A"^ is the Fourier multiplier operator with the symbol |^|°^. Thus we apply 
the operator A°" on both side of the equation (17. 181) and get 



dtA.'^v + \dx\^+''dxK''v = -A'^dxHui + n2)/2]. 
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We rewrite the nonlinearity in the following way 

A"9,[t;(Mi + M2)/2] = k''[d^v{ui + U2)/2 + vd^{ui+U2)/2] 

= i[A", (Ml + U2)]d,v + i[A", v]d,{ui + U2) 

The right-hand side of fl7.24p can be rewritten as 

^[A", (ui + U2)]d^v + ^[A'',v]d^{ui + U2) + U2A''d^v + vA^d^ui. 

We write the equation for U = P>_io(A°"t') in the form 

dtU + Id^l'^'^d^U = P>-io{-u2 ■ d,U) + P>-io{Gy, 
U{0) = P>_io(A'^(/.), 



(7.24) 



(7.25) 



where 



G = -P>-io{u2) ■ A''d.,P<-n{v) - P<-n{u2) ■ A'' d.,P<-n{v) 
— [A", (ui + U2)\d.,v - i[A",i;]9,(ui + ^^2) - v ■ A^d^Ui. 



It follows from (O) and (17:251) that 



llt^llloa 



(1) 



H" 



< 



Pk{U)Pk{u2-dJJ)dxdt 



Kx[0,tfc] 



PI{U)P>-1^{U2) ■ A''d.,P<-ii{v)dxdt 



IRx[0,ifc] 



Pk{U)[A'',{ui + U2)]dMxdt 



Mx[0,ifc] 



Pk{U)[A'' ,v]d^{ui + U2)dxdt 



E 

fe>i 

+E 

k>l 

+E 

k>l 

fc>i 

+ V / Pk{U)v ■ A^d^uidxdt 

:= I + II + III + IV + V. 
For the contribution of / we can bound it as in (17.201) and then get that 

-^~l|f^llF0(l)l|w2||F-{l)- 

For the contribution of //, since the derivatives fall on the low frequency, then we 
can easily get 

^^^il^llF0(l)lh2||F-(l). 
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fc>l A;i,A;2GZ4 



Pk{U) ■ Pk,{v) ■ A'^d^PkMdxdt 



Kx[0,tfe] 



k>l |fc-fc2|<5,fci<fc-10 
k>l fci>fc-10 

< iirni ... . iL.ii .. . IL, II ... , Iirrii2 



For the contribution of III, we obtain 



^ E E 

k>l ki<k2-W 

+E E 

k>l ki>k2-9 

:= nil + 1112. 



Pu{U) [A^ Pfc, (Ml + U2)]d^Pk2 {v)dxdt 



Pfc(f/)[A^ PkAui + U2)]d^PUv)dxdt 



Mx[0,ifc] 



We note that in the term III2, the component {ui + U2) can spare derivative, and 
thus we get 



k>l fci>fc2-9 



A'^Pfc(f/)Pfe,(Mi + U2)d^,Pk,{v)dxdt 



Rx[0,tfc] 



k>l ki>k2-9 



Pk{U)PkAui + U2)k''d^Pk2{v)dxdt 

IRx[0,tfc] 
k>l fci>fc2-9 

+ E E 2-"'=^2'=^('^+i)||P,(f/)||^^(,jP^^(«, + n2)||^,^(i)||P,^(i;)||^,^(i) 

fc>l A;i>A;2-9 
< ll^llF0(l)(lkl||F<^(l) + ll^2||F<^(l)) 

For the contribution of J/Ji we need to exploit the cancelation of the commutator. 
By taking 7 and extending U,Ui,U2,v as in the proof of Lemma m| then we get 

^^^1 ^ E E E / (7(2«^-")'^^]t-n)l[o,,](t)P,(t/)) 

k>l fci<fc2-10 |„|<C2[(i-'^)*3l -^^^^ 

■[A",7(2'^'-"^'''^t - n)Pk,{ui + U2)]d^Pk2{7{'2^^^""^^'^t - n)v)dxdt 
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Let fk = 7(2[(i-)'^3]t - n)PkiU), gk, = 7(2[(i-")'=3lt - n)Pk,iui + U2) and hk, = 
Pk^i'^i^'^^^'^^'^^h — n)v). It is easy to see from \k2 — A;| < 3 that 

jRxR 

Then using a similar argument in the proof of Lemma 17.11 we can get that 
^^^1 ^ E E 2'^^2'^'=^2-"'=^||P,(f/)||^^(y||P^^(«, + «2)||F.,(i)||A.(^;)||F.,(i) 

fc>l fci<fc2-10 

^ l|f^llFO{l)(lkl||i^'^(l) + lk2||F-(l))- 

The contribution of IV is identical to the one of /// from symmetry. Therefore, we 
have proved that 

WWl^il) < ll</>lli^ + niF0(l)(ll^lll^-(l) + ll^2||F^(l)) 
+ 11^^11^0(1) Ik II II F2<^(1)- 

By frrTTjl . Theorem O (a), fl7:T5|l and fl7:23|) we get 

l|f^lUo(l)^ll01 - 02||//- + 1101 - 02||L2|l0l|k2<T, 

which combined with (17.231) completes the proof of the proposition. □ 
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